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We present the phase diagram of free charges (electrons and holes), excitons, and biexcitons in
highly excited CdSe nanoplatelets that predicts a crossover to a biexciton-dominated region at easily
attainable low temperatures or high photoexcitation densities. Our findings extend previous work
describing only free charges and excitons by introducing biexcitons into the equation of state, while
keeping the exciton and biexciton binding energies constant in view of the relatively low density
of free charges in this material. Our predictions are experimentally testable in the near future
and offer the prospect of creating a quantum degenerate, and possibly even superfluid, biexciton
gas. Furthermore, we also provide simple expressions giving analytical insight into the regimes of
photoexcitation densities and temperatures in which excitons and biexcitons dominate the response
of the nanoplatelets.
I. INTRODUCTION
Biexcitons, that is, bound states of two excitons, have
been extensively studied in the literature both theoret-
ically and experimentally in various materials and un-
der different conditions [1–15]. In particular, the study
of the optical properties of excitons and biexcitons has
received much attention in recent years, first in order
to understand the underlying physics, and later towards
possible new applications [16–27]. Of special interest
are biexciton-mediated lasing applications, due to the
benefits brought about by the characteristics of biexci-
tons such as low thresholds and room-temperature uti-
lization as a result of enhanced Coulomb interactions in
low dimensions [28–39]. Furthermore, ever since two-
dimensional materials became easily manufactured, for
instance by chemical vapor deposition and colloidal self-
assembled growth, they have been increasingly the object
of study for the development of optoelectronic devices
[40–50].
Even though excitons and biexcitons have been thor-
oughly experimented with, it was not until recently that
an unexpected stability of excitons in CdSe nanoplatelets
at high densities was observed, which was in turn ex-
plained by the rather unimportant screening effects of the
free charges [51, 52]. Armed with this newfound under-
standing, it follows that the formation of more complex
species is very likely as well. Having established that
screening alone does not unbind excitons, which would
result in an electron-hole plasma regime, the thermody-
namical description of the phase diagram of highly ex-
cited CdSe nanoplatelets may be extended via the in-
troduction of another species: an ideal gas of biexci-
tons, described similarly as excitons. Biexcitons are com-
plexes that form due to the not particularly strong at-
traction between excitons, represented by the symbol X,
which are analogous to hydrogen molecules and in turn
are represented by X2. In order to obtain results suit-
able for experimental exploration, we restrict our dis-
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FIG. 1. Fraction of free charges (red, top left, label q), ex-
citons (green, middle, label X), and biexcitons (blue, bottom
right, label X2), as a function of temperature T and pho-
toexcitation density scaled by the (three-dimensional) exciton
Bohr radius squared nγa
2
0. The white horizontal solid line cor-
responds to the region experimentally explored in Ref. [51],
at the constant temperature T = 294 K. The white dashed
line marks the points for which the density of excitons and
biexcitons is equal. The circles ( , top right) and squares ( ,
from bottom to top right) dotted lines represent the photoex-
citation density above which excitons and biexcitons become
quantum degenerate, respectively.
cussion to pump-probe experiments, in which the pump
laser optically excites electrons and holes equally, that
is, nq ≡ ne = nh where nq is half the density of free
charges, and ne and nh are the density of electrons and
holes, respectively. After a short period of thermaliza-
tion the system reaches a chemical (quasi) equilibrium
regime, in which a given photoexcitation density thus
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2satisfies nγ ≡ nq + nX + 2nX2 , where nX is the density
of excitons, and nX2 is that of biexcitons.
With the purpose of better understanding the overall
picture regarding the fraction of free charges q, excitons
X, and biexcitons X2 we present in Fig. 1 a phase di-
agram in terms of temperature T and photoexcitation
density scaled by the exciton Bohr area nγa
2
0, color coded
to represent each species. Figure 1 shows three different
regions in which each species dominates, following a clear
trend from high temperatures and low density to low
temperatures and high density, with a smooth crossover
connecting each region. It is promising for experiments
that merely lowering the temperature from T ' 300 K
to just T ' 100 K at the densities explored by Ref. [51]
is well enough to reach the biexciton-dominated regime.
Moreover, the circles ( ) and squares ( ) dotted lines
represent the photoexcitation density and temperature
at which excitons and biexcitons become quantum de-
generate, that is, they represent (a lower bound for) the
Kosterlitz-Thouless transition to the superfluid regime at
high enough densities, thus requiring the use of quantum
statistics for the bosonic species of interest [53].
Our paper is organized as follows. Section II presents
a thermodynamical description of the system, which we
use then in Sec. III to compute the density of free charges
nq, density of excitons nX , and density of biexcitons nX2
as a function of the photoexcitation density nγ and tem-
perature T . Lastly, Sec. IV summarizes our findings,
delves into some of the approximations used, and gives
an outlook on future endeavors.
II. EQUATION OF STATE
Given that excitons stay bound even at rather high
densities, a simple thermodynamical model involving
three coupled ideal gases (electrons, holes, and excitons)
is an adequate description for the photoexcitation densi-
ties at room-temperature explored by Ref. [51]. However,
at higher photoexcitation density or lower temperature,
a fourth species has to be incorporated: the biexcitons.
Because experimental results show that screening effects
are negligible in CdSe nanoplatelets, we provide a consis-
tent approach by considering both the energy level of the
exciton state EX and that of the biexciton state EX2 as
constants, i.e., independent of the density of free charges.
This is justified by the result for excitons obtained in Ref.
[52], where it was found that at room temperature EB
varies only from -193 meV to -177 meV for the photoex-
citation densities considered. Note that these energies
are by definition negative. By coupling together well-
known expressions for the density of an ideal gas given
its chemical potential, we define the following thermody-
namical equilibrium model. It includes two ideal gases of
fermions, i.e., electrons and holes, and two ideal gases of
bosons, i.e., excitons and biexcitons. Writing the equa-
tions for the density of each species explicitly, we have
nq = gs
mekBT
2pi~2
ln
(
1 + eµe/kBT
)
= gs
mhkBT
2pi~2
ln
(
1 + eµh/kBT
)
,
(1)
nX = −g2s
mXkBT
2pi~2
× ln
(
1− e(µX−EX)/kBT
)
,
(2)
nX2 = −
mX2kBT
2pi~2
× ln
(
1− e(2µX−2EX−EX2)/kBT
) . (3)
Here mX = me + mh is the mass of the exciton and
mX2 = 2mX that of the biexciton. The chemical poten-
tial for excitons is µX = µe+µh, and that of biexcitons is
µX2 = 2µX . Furthermore, these densities together give
the photoexcitation density as nγ ≡ nq + nX + 2nX2 .
Here we have introduced the number of degenerate spin
states, that is, with the same energy, gs = 2 of electrons
(|↑〉 and |↓〉) and holes (|⇑〉 and |⇓〉), and correspond-
ingly g2s = 4 for excitons (|↑⇑〉, |↑⇓〉, |↓⇑〉, and |↓⇓〉).
Notice that in the case of biexcitons we consider instead
a non-degenerate ground state, analogously to hydrogen
molecules for which only one combination of spins cor-
responds to the ground state, that is, the singlet-singlet
combination (|↑↓〉 − |↓↑〉) × (|⇑⇓〉 − |⇓⇑〉)/2. In order
to correctly account for the quantum behavior of exci-
tons and biexcitons, Eqs. (1), (2), and (3) are obtained
using quantum statistics, that is, using the Fermi-Dirac
and Bose-Einstein distributions. Section III presents a
more in-depth discussion showing that at high enough
photoexcitation density both excitons and biexcitons are
correctly described only by using quantum statistics.
In order to stay close to experiments, our results are
obtained for the CdSe nanoplatelets of 4.5 monolayers
studied by Ref. [51], which sets me = 0.27 m0 and mh =
0.45m0 as the effective electron and hole masses, withm0
the bare electron mass, corresponding to the n = 4 case
in Ref. [54]. Concerning the exciton and biexciton energy
levels, these are fixed to the low density values measured
by Ref. [51], i.e., EX = −193 meV and EX2 = −45
meV, with the corresponding (three-dimensional) exciton
Bohr radius a0 = 2.16 nm computed as in Refs. [52, 55].
Note again that we do not consider changes in EX due to
screening by free charges, as shown by the experimental
results obtained for CdSe nanoplatelets. Since excitons
do not break down even at rather high photoexcitation
density, screening does not change the qualitative picture
presented in Fig. 1, and consequently our prediction is
not significantly affected by expectedly lower values of
EX or EX2 .
Because of the equal density of electrons and holes, Eq.
(1) yields for the relation between the chemical potential
of electrons µe and that of the holes µh that
3µh(µe) = kBT ln
((
1 + eµe/kBT
)me
mh − 1
)
, (4)
where we have used
µα(nq) = kBT ln
(
e
pi~2
mαkBT
nq − 1
)
(5)
for α = e, h. Notice that in the case of me = mh,
both chemical potentials reduce to the same value. More-
over, because each photon creates exactly one electron-
hole pair the photoexcitation density nγ is half the total
density of charges, both free and bound in excitons and
biexcitons. Therefore, a given value of the photoexci-
tation density at a fixed temperature corresponds to a
specific value for each density nq, nX , and nX2 .
III. PHASE DIAGRAM
Let us analyze in more detail the phase diagram pre-
sented in Fig. 1. Each species is represented with a color:
red for free charges, green for excitons, and blue for biex-
citons, with labels q, X, and X2 respectively. Then, the
final color-coded plot is obtained from the fraction of
each species Q in relation to the others, labeled by XQ
and defined as
XQ ≡ nQ
nq + nX + nX2
, (6)
where Q is q, X, or X2.
Keeping that in mind, in Fig. 1 there are three clearly
defined regions where each one of the three species domi-
nates: q, X, and X2; as well as two crossovers connecting
them: q ↔ X and X ↔ X2. Notice in particular that as
the photoexcitation density increases, or the temperature
lowers, a biexciton-dominated regime is always reached,
which is a direct consequence of the stability of excitons,
and consequently biexcitons, in CdSe nanoplatelets. In
order to study the behavior of each species in detail, Figs.
2, 3, and 4 respectively show the fraction of free charges
Xq, that of excitons XX , and that of biexcitons XX2 .
Figure 2 shows that the contribution from free charges
to the overall picture is effectively negligible for most of
the densities and temperatures considered. Free charges
are the dominant species only in the upper left corner,
however notice that the highest density nq is found in the
upper right corner, i.e., at high photoexcitation density
and high temperature. Furthermore, the region of the
phase diagram that we are most interested in is the region
around room temperature or below, in which biexcitons
are mostly formed. Since any screening, which would
lower the energy of the exciton EX or biexciton EX2 , is
relatively constant at these temperatures due to the sat-
uration of free charges, it may be effectively taken into
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FIG. 2. Fraction of free charges Xq as a function of tem-
perature T and photoexciation density scaled by the exciton
Bohr area nγa
2
0. The maximum number of free charges per
Bohr area is nqa
2
0 ' 0.145, with a20 = 4.68 nm2, obtained in
the upper right corner.
account by using a slightly reduced value of EX and EX2 ,
obtained either from experiments or theoretical calcula-
tions [52]. Therefore such a change in the energy would
in principle slightly shift the regions towards the left and
up, since excitons and biexcitons would be easier to cre-
ate.
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FIG. 3. Fraction of excitons XX as a function of temperature
T and photoexciation density scaled by the exciton Bohr area
nγa
2
0. The dashed line is computed using Eqs. (8) and (9).
The maximum number of excitons per Bohr area is nXa
2
0 '
3.30, with a20 = 4.68 nm
2, obtained in the upper right corner.
Figure 3 shows noticeably different results at high pho-
toexcitation density when compared with the biexciton-
4less model. Due to the presence of biexcitons, the density
of excitons also saturates once the biexciton-dominated
regime is reached, analogously to the behavior of free
charges in the q ↔ X crossover. This is a consequence of
the energy level of the biexciton state being more nega-
tive than that of two unbound excitons, and thus at high
photoexcitation density or low temperature, free charges
mostly bind together into biexcitons. In terms of the
equation of state, Eq. (2) shows that nX saturates as
the chemical potential approaches µX → EX + EX2/2,
while nX2 diverges in that same limit, as given by Eq.
(3). In this limit the saturated density of excitons n∞X is
defined as
n∞X ≡ −g2s
mXkBT
2pi~2
ln
(
1− eEX2/2kBT
)
. (7)
Furthermore, we estimate the photoexcitation density at
which the crossover X ↔ X2 occurs, denoted by ncγ , by
computing nX2 = nX . This equality results in
ncγ =− g2s
mXkBT
2pi~2
ln
(
1− e(EX2−δ)/kBT
)
− mX2kBT
pi~2
ln
(
1− e−δ/kBT
)
,
(8)
with δ given by
δ = 2kBT ln
[
cosh
(
EX2
2kBT
)]
(9)
for a certain temperature T . Notice that the contri-
bution from the density of free charges nq to the pho-
toexcitation density is neglected here, since in the region
nX = nX2 it is valid to use that nq  nX + 2nX2 as Fig.
2 shows. Figures 1, 3, and 4 show a dashed line mark-
ing the crossover X ↔ X2, from the exciton-dominated
regime to the biexciton-dominated regime computed us-
ing Eqs. (8) and (9).
Lastly, Fig. 4 clearly shows that biexcitons always
dominate at low temperature or high photoexcitation
density. Notice that Fig. 4 shows the number of pho-
toexcitations per Bohr area nγa
2
0 up to a value of 10, that
is, the number of electrons per Bohr area, consequently
the maximum amount of biexcitons per Bohr area is only
but half of that.
In order to understand the behavior of excitons and
biexcitons at high densities from a different angle, we
introduce the thermal de Broglie wavelength for a species
Q, denoted by λQ and defined as
λQ ≡
√
2pi~2
mQkBT
, (10)
where mQ is either the mass of the exciton or that of
the biexciton, with ~ the reduced Planck constant. Re-
call that physically λQ is the de Broglie particle size,
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FIG. 4. Fraction of biexcitons XX2 as a function of tem-
perature T and photoexciation density scaled by the exci-
ton Bohr area nγa
2
0. The dashed line is computed using Eq.
(8). The maximum number of biexcitons per Bohr area is
nX2a
2
0 ' 5.00, with a20 = 4.68 nm2, obtained in the lower
right corner.
which means that quantum effects are important when
the inter-particle distance is of the order of λQ. In
other words, when the number of either excitons or biex-
ctions per thermal wavelength squared, that is, nXλ
2
X
or nX2λ
2
X2
, becomes of the order of the number of spin
states with the same energy for that particular species,
they are considered to be “quantum degenerate” and
hence described by the Bose-Einstein distribution. Thus,
in order to account for the spin degrees of freedom we de-
fine the degeneracy parameter ηQ as
ηX ≡ nXλ
2
X
g2s
, and ηX2 ≡ nX2λ2X2 , (11)
where g2s = 4 for excitons. As ηQ approaches one, a cor-
rect description for the behavior of species Q requires the
use of quantum statistics, i.e., Fermi-Dirac for fermions
and Bose-Einstein for bosons.
Let us analyze the degeneracy parameter of excitons
first. Figure 5 shows ηX as a function of temperature T
and photoexcitations per Bohr area nγa
2
0. At first glance
it is noticeable that, compared with Fig. 3, the regime in
which excitons become degenerate does not align with the
one in which they are dominant. Naturally, this comes
as a consequence of the actual density of excitons being
high enough only in a small region inside the biexciton-
dominated regime for the temperatures considered.
An estimate of the photoexcitation density at which
excitons behave as quantum particles, denoted by nγ , is
obtained by finding the density of excitons that satisfy
the equality ηX = 1. With this value for the density of
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FIG. 5. Degeneracy parameter for excitons ηX ≡ nXλ2X/g2s
as a function of temperature T and photoexciation density
scaled by the exciton Bohr area nγa
2
0. The circles ( ) dotted
line represents the photoexcitation density for which ηX = 1,
computed using Eq. (12). The minimum degeneracy tem-
perature T ∗, computed using Eq. (13), is T ∗ ' 569 K. The
maximum value of the degeneracy parameter is ηX ' 1.36.
excitons, we obtain that the corresponding photoexcita-
tion density is
nγ = g
2
s
mXkBT
2pi~2
− mX2kBT
2pi~2
ln
(
1−
(
1− 1
e
)2
e−EX2/kBT
)
,
(12)
for a certain temperature T . Figure 5 shows nγ as a
circle ( ) dotted line. Interestingly, there is a minimum
temperature T ∗ below which excitons do not become de-
generate, as their density does not reach the threshold
ηX = 1 since at lower temperatures than T
∗ charges
mostly bind into biexcitons. Solving for the tempera-
ture at which the argument of the logarithm in Eq. (12)
becomes zero, we obtain that valid temperatures satisfy
T >
EX2
2kB
1
ln
(
1− 1e
) ≡ T ∗ . (13)
Notice that it only depends on the energy level of the
biexciton state EX2 , and consequently T
∗ approaches
zero in the limit EX2 → 0, i.e., when there is no biexciton
state.
Regarding the degeneracy parameter of biexcitons,
shown in Fig. 6, notice that the region in which they are
degenerate is clearly very different from that of the ex-
citons. Naturally, since the energy of the biexciton state
is more negative than that of two unbound excitons, at
high photoexcitation density or low temperature there
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FIG. 6. Degeneracy parameter for biexcitons ηX2 ≡ nX2λ2X2
as a function of temperature T and photoexciation density
scaled by the exciton Bohr area nγa
2
0. The squares ( ) dotted
line represents the photoexcitation density for which ηX2 =
1, computed using Eq. (14). The maximum value of the
degeneracy parameter is ηX2 ' 65.3, however points for which
ηX2 ≥ 2 are represented with the same color.
is always a degenerate regime. As before, an analytical
expression for the photoexcitation density above which
the biexcitons behave as quantum particles, denoted by
nγ , is obtained by solving ηX2 = 1. Analogously to the
calculation for excitons, the corresponding result is
nγ =− g2s
mXkBT
2pi~2
ln
(
1−
√
1− 1
e
eEX2/2kBT
)
+
mX2kBT
2pi~2
,
(14)
for a certain temperature T . Notice that due to the ar-
gument of the logarithm, unlike for excitons, there is no
minimum temperature below which biexcitons are not de-
generate. Physically, this different behavior is explained
by the fact that in our model the ground state of the
system corresponds to the free charges being completely
bound into biexcitons. Figure 6 shows nγ , computed
using Eq. (14), as a square ( ) dotted line. Notice that
values ηX2 ≥ 2 are represented with the same color, since
biexcitons become heavily degenerate, that is, the maxi-
mum degeneracy obtained in Fig. 6 is much larger than
one.
IV. CONCLUSION AND OUTLOOK
Summarizing, we have presented a thermodynami-
cal model involving four ideal gases that results in a
phase diagram describing the physics of free charges
6(electrons and holes), excitons, and biexcitons in CdSe
nanoplatelets. Because of the ideal gas description var-
ious interaction effects are implicitly neglected thus at
high enough photoexcitation densities we expect this
model to break down, and this we want to explore in more
detail in the future. Clearly the formation of excitons and
biexcitons due to the attractive electron-hole interaction
is considered. However, self-energy effects on the elec-
trons, holes, excitons and biexcitons, i.e., energy shifts
and finite lifetime effects caused both by electron-hole
attraction and electron-electron and hole-hole repulsion,
are neglected. In the specific case of interactions between
free charges and excitons, leading in particular to screen-
ing effects, experimental results on CdSe nanoplatelets
show that these may be neglected in the model by set-
ting the energies EX and EX2 to constant values, at
least for the range of density and temperature of interest
[52]. Only at high enough temperatures, i.e., higher than
T ' 103 K, the system reaches a free-charges-dominated
regime and thus interactions that may form an exciton
would be heavily screened. In conclusion, we have pro-
vided in this paper a comprehensive study of a thermody-
namical model suitable for experimentally testable pre-
dictions, and that moreover may possibly also be used for
guiding future endeavors both in experiments and theory
involving biexcitons in two-dimensional materials other
than CdSe nanoplatelets if the exciton binding energy is
sufficiently large. Of particular interest are for instance
also PbS nanoplatelets due to the shared features with
CdSe nanoplatelets, such as indeed a large exciton bind-
ing energy (400 to 500 meV), as well as similar synthesis
procedures and optical properties [15, 56–59].
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